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Abstract
Incomplete forms of two-variable two-index Hermite polynomials are introduced. Their link with
Laguerre polynomials is discussed and it is shown that they are a useful tool to study quantum me-
chanical harmonic oscillator entangled states. The possibility of developing the theory of complete
2D Hermite polynomials from the point of view of the incomplete forms is analyzed too. The orthog-
onality properties of the associated harmonic-oscillator functions are finally discussed.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
The incomplete two-variable Hermite polynomials hm,n(x, y|τ ) specified by the se-
ries [1]
hm,n(x, y|τ )=m!n!
min(m,n)∑
r=0
τ rxm−ryn−r
r!(m− r)!(n− r)! (1a)
are linked to the
hm,n(x, y)=m!n!
min(m,n)∑
r=0
xm−ryn−r
r!(m− r)!(n− r)! (1b)
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hm,n(x, y|τ )= τ (m+n)/2hm,n
(
x√
τ
,
y√
τ
)
. (1c)
They are also defined through the operational identity
hm,n(x, y|τ )= eτ∂x,y (xmyn)e−τ∂x,y (1) (2)
(in the following, when similar relations are used, to avoid a heavy notation we will replace
e−τ∂x,y (1) with (1)) and through the generating function
∞∑
m,n=0
um
m!
vn
n! hm,n(x, y|τ )= e
xu+yv+τuv. (3)
Furthermore they are linked to the Laguerre polynomials by the relations [2]
hm,n(x, y|τ )=m!τmxn−mLn−mm
(
−xy
τ
)
, n >m,
hn,m(x, y|τ )= n!τnxm−nLm−nn
(
−xy
τ
)
, m > n, (4)
where Lαn(x) denotes associated Laguerre polynomials. The hm,n(x, y|τ ) are particular
cases of the more general family of complete multi-dimensional Hermite polynomials [3],
often exploited in applications concerning entangled harmonic oscillator states [4] or to
construct sets of bi-orthogonal basis [1,3–5]. Each one of the identities (1)–(3) can be
taken as the starting point of the theory of hm,n(x, y|τ ) polynomials. Starting, e.g., from
Eq. (2) we can easily establish that
eτ∂x,y
[
∂x(x
myn)
]=mhm−1,n(x, y|τ ),
eτ∂x,y
[
∂y(x
myn)
]= nhm,n−1(x, y|τ ), (5)
and
hm+1,n(x, y|τ )= eτ∂x,y
[
x(xmyn)
]= [eτ∂x,y xe−τ∂x,y ]hm,n(x, y|τ )
= (x + τ∂y)hm,n(x, y|τ ). (6)
In an analogous way we also find that
hm,n+1(x, y|τ )= (y + τ∂x)hm,n(x, y|τ ). (7)
According to Ref. [6] and to the above identities the hm,n(x, y|τ ) are quasi monomials
under the action of the operators
∂x = Pˆ1, ∂y = Pˆ2,
Mˆ1 = x + τ∂y, Mˆ2 = y + τ∂x, (8)
which evidently satisfy the commutation brackets[
Pˆα, Pˆβ
]= [Mˆα, Mˆβ]= 0, [Pˆα, Mˆβ]= δα,β, (9)
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(
Mˆ1Pˆ1 + Mˆ2Pˆ2
)
hm,n(x, y|τ )= (m+ n)hm,n(x, y|τ ) (10)
which in differential form writes
(2τ∂x,y + x∂x + y∂y)hm,n(x, y|τ )= (m+ n)hm,n(x, y|τ ). (11)
Let us now introduce the function
ϕm,n(x, y|τ )= 1√
m!n!
hm,n(x, y|τ )
(2τ )(m+n)/2
exy/2τ (12)
and the operators
aˆ1,+ = 1√
2τ
(
1
2
x + τ∂y
)
, aˆ1,− =− 2√
2τ
(
1
2
x − τ∂y
)
,
aˆ2,+ = 1√
2τ
(
1
2
y + τ∂x
)
, aˆ2,− =− 2√
2τ
(
1
2
y − τ∂x
)
. (13)
The following relations are directly inferred from the previous definition and identities:
[
aˆα,+, aˆβ,−
]=−δα,β, [aˆα,±, aˆβ,±]= 0, (14)
and
aˆ1,+ϕm,n(x, y|τ )=
√
m+ 1ϕm+1,n(x, y|τ ),
aˆ1,−ϕm,n(x, y|τ )=
√
mϕm−1,n(x, y|τ ),
aˆ2,+ϕm,n(x, y|τ )=
√
n+ 1ϕm,n+1(x, y|τ ),
aˆ2,−ϕm,n(x, y|τ )=
√
nϕm,n−1(x, y|τ ). (15)
The structure of the operators (13) is that of annihilation creation operators and can be
further exploited to obtain the identity
(
2τ∂x,y − 12τ xy
)
ϕm,n(x, y|τ )= (m+ n+ 1)ϕm,n(x, y|τ ). (16)
In these introductory remarks we have shown that the use of the properties of the
hm,n(x, y|τ ) polynomials and the associated formalism allow the introduction of creation-
annihilation like operators, number like operators and the relevant eigenfunctions. The so
far obtained results do not reveal elements with any physical meaning and are only partially
interesting on the mathematical side. The functions (12), as it stands, does not provide an
orthogonal basis.
In the forthcoming sections we will show that the considerations and the formalism
developed in these introductory remarks can be suitably developed to get results interesting
from the mathematical point of view and useful for physical applications.
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Before entering in to the main body of this section, we emphasize that the hm,n(x, y|τ )
polynomials can be constructed by using the following Rodriguez type formula
hm,n(x, y|τ )= τm+ne−xy/τ ∂xn,ymexy/τ (17)
which is a fairly direct consequence of the results discussed in the Introduction. Even
though not explicitly stated, the validity of our formalism is limited to the case in which
x, y are independent variables.
Let us note that if we introduce the complex variable z and its complex conjugate z∗,
z= x + iy, z∗ = x − iy, (18)
we can conclude that
∂z = 12i (∂y + i∂x), ∂z∗ =
1
2i
(−∂y + i∂x), (19)
and
[∂z, z] = [∂z∗, z∗] = 1, [∂z, z∗] = [∂z∗, z] = 0. (20)
These trivial, but important results, allow us to conclude that, by replacing in Eq. (17)
τ →−1, z→ x, z∗ → y, (21)
we find
hm,n(z, z
∗|−1)= (−1)m+nezz∗∂zn,z∗me−zz∗ . (22)
We can therefore exploit the results of the previous section to study the properties of the
polynomials hm,n(z, z∗|−1) defined on the quadratic form
zz∗ = x2 + y2. (23)
At first consequence of Eq. (22) is the identity[
hm,n(z, z
∗|−1)]∗ = hm,n(z∗, z|−1)= hn,m(z, z∗|−1). (24)
We introduce the creation–annihilation operators
aˆ1,+ = 1√
2
(
1
2
z− ∂z∗
)
, aˆ1,− = 1√
2
(2∂z + z∗),
aˆ2,+ = 1√
2
(
1
2
z∗ − ∂z
)
, aˆ2,− = 1√
2
(2∂z∗ + z), (25)
relevant to the function
ϕm,n(z, z
∗|−1)= 1
π
√
m!n!hm,n(z, z
∗|−1)e−zz∗/2. (26)
The operators (25) follow from those defined in Eq. (13), but they are not a strict con-
sequence of the prescription (21), because the function (26) satisfying the eigenvalue
equation[
−2∂z,z∗ + 1zz∗
]
ϕm,n(z, z
∗|−1)= (m+ n+ 1)ϕm,n(z, z∗|−1), (27)2
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−1
2
(∂x,x + ∂y,y)+ 12 (x
2 + y2)
]
χm,n(x, y)= (m+ n+ 1)χm,n(x, y), (28)
has been chosen with appropriate orthonormalization constants. The structure of this last
equation suggests that the present formalism is ideally suited to treat quantum mechani-
cal problems relevant to coupled harmonic oscillators. The orthogonality properties of the
function (26) will be discussed in the forthcoming section where it will be seen that it
provides a bi-orthogonal set to ϕm,n(z∗, z|−1).
3. Concluding remarks
In the Introduction we have noted that Eq. (2) can be exploited to construct the incom-
plete Hermite polynomials of orders m,n from the product of the monomials xm and yn.
The following operational rule
e−τ∂x,y
(
hm,n(x, y|τ )
)= xmyn (29)
provides the inverse of Eq. (2). According to the above identity we find
e∂z,z∗
(
hm,n(z, z
∗|−1))= zmz∗n . (30)
Identities of the type (2) and (29) yield an efficient tool to establish further properties
concerning this family of polynomials and of the associated functions.
The generating function
∞∑
(m,n)=0
um
m!
vn
n! hm,n(z, z
∗|−1)= ezu+z∗v−uv (31)
can be derived as a consequence of the quoted operational rules. A further important issue
is the invariance in form of the functions ϕm,n(z, z∗|−1) under Fourier transform. Indeed,
by defining
χ˜m,n(kx, ky)=F
(
χm,n(x, y)
)= 1
2π
∞∫
−∞
∞∫
−∞
χm,n(x, y)e
−i(kxx+kyy) dx dy (32)
we get from Eq. (28){
1
2
(
k2x + k2y
)−1
2
(∂kx,kx + ∂ky,ky )
}
χ˜m,n(kx, ky)= (m+ n+ 1)χ˜m,n(kx, ky) (33)
which ensures that, apart from unessential constants,
F(ϕm,n(z, z∗))= χm,n(kx, ky). (34)
It is furthermore straightforward to recast Eq. (33) in a form equivalent to Eq. (27) thus
finding
F(ϕm,n(z, z∗|−1))= ϕm,n(k, k∗|−1), k = kx + iky, k∗ = kx − iky. (35)
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ing the theory of conventional and fractional Fourier transform of 2D harmonic oscillator
functions.
The quadratic form (23) does not contain cross terms. The complete 2D Hermite poly-
nomials are defined on the more general form [3,6]
φ(x, y)= ax2 + 2bxy+ cy2, ∆= ac− b2 > 0, (36)
and can be derived from the Rodriguez type formula
Hm,n(x, y)= (−1)m+ne(1/2)φ(x,y)∂xm∂yne−(1/2)φ(x,y) (37)
which yields
Hm,n(x, y)
=m!n!
min(m,n)∑
r=0
(−b)rHm−r (ax + by|−a/2)Hn−r (bx + cy|−c/2)
r!(m− r)!(n− r) , (38)
where
Hn(x|τ )= n!
[n/2]∑
r=0
τ rxn−2r
r!(n− 2r)! (39)
is a Kampé de Fèriét polynomial.
According to Ref. [8] we can define the 2D complete Hermite polynomials according
to the operational rule
Hm,n(x, y)= e−(1/2∆)(c∂2x,x−2b∂x,y+a∂2y,y )
[
(ax + by)m(bx + cy)n] (40)
which is a generalization of Eq. (2) and of that relevant to the one-dimensional case.
The concluding part of this paper is aimed at proving that the theory of 2D complete
Hermite polynomials can also be developed from the perspective of the incomplete case,
i.e., by exploiting the formalism developed so far.
Indeed, we note that the quadratic form (36) can be factorized as
1
2
Φ(x,y)=
[
ax + (b+ i√∆)y√
2a
][
ax + (b− i√∆)y√
2a
]
(41)
which suggests the introduction of the variables
ξ = ax + (b+ i
√
∆)y√
2a
, ξ∗ = ax + (b− i
√
∆)y√
2a
, (42)
and define the polynomials
e−∂ξ,ξ∗ (ξmξ∗n)= hm,n(ξ, ξ∗|−1). (43)
The operators ∂ξ , ∂ξ∗ are linked to the x, y derivatives by
(
∂ξ
∂ξ∗
)
= i
2
√
∆

 b−i
√
∆√
a
−√a
√
a b+i
√
∆√


(
∂x
∂y
)
. (44)a
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[−∂ξ,ξ∗ + ξ∂ξ + ξ∗∂ξ∗ ]hm,n(ξ, ξ∗|−1)= (m+ n)hm,n(ξ, ξ∗|−1) (45)
whose Cartesian counterpart reads{
− 1
4∆
[
c∂x,x − 2b∂x,y + a∂2y,y
]+ x∂x + y∂y
}
ηm,n(x, y)
= (m+ n)ηm,n(x, y). (46)
This last equation has the same structure of those defining the complete 2D Hermite poly-
nomials [3,6]. The associated functions
Ψm,n(ξ, ξ
∗|−1)=
√
∆√
2π
hm,n(ξ, ξ
∗|−1)√
m!n! e
−ξξ∗/2 (47)
have properties analogous to the ϕm,n(z, z∗|−1) and form a bi-orthogonal set with
Ψm,n(ξ
∗, ξ |−1) in the sense that
∞∫
−∞
∞∫
−∞
ψm,n(ξ, ξ
∗|−1)ψr,s(ξ∗, ξ |−1) dx dy = δm,rδn,s . (48)
Both Ψm,n(ξ∗, ξ |−1) and Ψm,n(ξ∗, ξ |−1) are indeed solutions of the same eigenvalue
equation. The proof of this last statement is fairly straightforward and follows from the
identity (24).
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